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Abstract
Cold pulses generated by the fission of internal solitary waves over gentle slopes are an 
important source of nutrients and relief from excess heat to benthic ecosystems. This 
numerical study investigates the effect of stratification form on pulses produced by fission 
of internal solitary waves propagating over a smooth, gentle, linear topographic slope in 
2D simulations. Three stratification types are investigated, namely (i) thin tanh (homogene‑
ous upper and lower layers separated by a thin pycnocline), (ii) surface stratification (lin‑
early stratified layer overlaying a homogeneous lower layer) and (iii) broad tanh (continu‑
ous density gradient throughout the water column). Incident wave amplitude was varied. In 
the thin tanh stratification, good agreement is seen with past studies, whilst the dynamics 
observed in the surface stratification are very similar to those in the thin tanh stratification. 
However, in the broad tanh stratification, due to the different form of incident waves, the 
fission dynamics differ, but produce pulses similar in form to those produced by fission in 
the other stratifications. Pulse amplitude, wavelength and propagation velocity are found 
to strongly depend on incident wave amplitude, and each degenerate linearly as the pulse 
propagates upslope.

Keywords  Bolus/pulse · Internal solitary wave · Fission · Topographic effects

1  Introduction

In the ocean, vertical variation in seawater temperature and salinity acts to stratify the 
oceanic water column, producing conditions in which density disturbances can propa‑
gate along a pycnocline as internal waves. Internal solitary waves (ISWs) are a particu‑
lar form of internal waves that have amplitude comparable to the pycnocline thickness, 
and often the overall depth of the water column [e.g. 1]. Whilst propagating over a flat 

 *	 Samuel G. Hartharn‑Evans 
	 s.hartharn-evans2@newcastle.ac.uk

	 Marek Stastna 
	 mmstastna@uwaterloo.ca

	 Magda Carr 
	 magda.carr@newcastle.ac.uk

1	 School of Mathematics, Statistics and Physics, Newcastle University, Newcastle NE1 7RU, UK
2	 Department of Applied Mathematics, University of Waterloo, Waterloo, ON, Canada

http://orcid.org/0000-0003-4643-8932
http://crossmark.crossref.org/dialog/?doi=10.1007/s10652-022-09894-x&domain=pdf


	 Environmental Fluid Mechanics

1 3

bottom in deep water, ISWs can travel long distances without change of form. How‑
ever, as ISWs move into shallower waters, the bed interacts with the flow, and waves 
propagating over shallowing topography undergo shoaling. During shoaling, the form 
of ISWs change considerably, and they are known to modify water properties by induc‑
ing considerable vertical mixing of cool, nutrient rich waters from depth [2, 3]. These 
changes can benefit benthic ecosystems such as coral reefs and kelp forests [4], and 
may increase reef resilience to climate change by increasing high frequency temperature 
variability [2, 5].

ISWs are found commonly across the world’s oceans, and they maintain high levels 
of research interest due to their effectiveness in transporting energy and water masses 
(and their associated heat, nutrients and sediments) [6], and for mixing in the ocean 
[e.g. 7, 8, 9]. Typically, internal waves are generated on density interfaces in stably-
stratified fluids by barotropic motion over topography such as sills, slopes and the shelf 
edge [e.g. 10, 11, 12]. They are characterised by a balance of nonlinear steepening and 
wave dispersion, and as a result are able to travel large distances without significant 
change of form or magnitude.

Whilst field observations of ISWs document the complexity of real-world dynamics, 
practical and technological constraints often limit the spatial and temporal resolution of 
field observations. Instead, idealised modelling studies at the laboratory scale allow full 
understanding of the underlying fluid dynamics, and the alteration of various parameters 
to identify trends and regimes that represent specific dynamical characteristics. Numerous 
efforts have been made to study the dynamics of shoaling mode 1 ISWs of depression on 
a range of idealised linear (and mostly steep) slopes in laboratory experiments [e.g. 13] 
( s = 0.1 − 0.15 ), [14] ( s = 0.069 − 0.214 ), and [15] ( s = 0.143 − 0.417 ), and numerical 
models [e.g. 16] ( s = 0.01 − 0.3 ), [17] ( s = 0.03 − 0.3 ), [18] ( s = 0.218 ) [19] ( s = 0.02 ) 
where s is the vertical displacement per unit horizontal displacement. Whilst these studies 
have investigated shoaling over a range of slopes (up to s = 0.417 ), geophysical slopes are 
very mild, s ≈ 0.001 for the coastal ocean, s ≈ 0.01 for lakes, and s = 0.03 − 0.07 for typi‑
cal continental shelves [20], milder than the slopes in most previous studies.

Laboratory experiments [e.g. 21], numerical simulations [e.g. 19] and field observations 
[e.g. 22, 23, 24] have shown that as ISWs of depression shoal over geophysically repre‑
sentative mild slopes they undergo a process called fission. In fissioning waves, nonlinear 
steepening is insufficient to cause overturning of the wave [16], and instead, as the back of 
the wave steepens, the leading wave evolves into a train of internal bores (ISWs of eleva‑
tion with strongest currents and temperature fronts near the bed) or boluses [2, 25]. Whilst 
Xu and Stastna [19] recently investigated the role of boundary layer instability in fission‑
ing waves propagating over realistic slopes in a high resolution model, there is very little 
published research into the bottom boundary layer (BBL) dynamics during fissioning [7]. 
When shoaling, energy transported by ISWs is used to enhance turbulent, irreversible mix‑
ing [26]. This process extends over a large area, in the New Jersey shelf, where it has been 
observed over a distance of 35 km [27].

To date, all laboratory scale studies of ISWs shoaling over slopes gentle enough for fis‑
sion to occur have been for a three-layer stratification with a homogeneous surface and bot‑
tom layer, separated by a thin pycnocline, resembling an idealised three-layer ocean [e.g. 
16, 19, 17, 28, 29]. Whilst some ISW shoaling studies have investigated different stratifica‑
tions (with the pycnocline centre at mid-depth, and varying pycnocline thicknesses [30, 
31]), these have been restricted to steeper slopes, over which fission does not occur. As a 
result, no studies deviating from a three-layer stratification have investigated wave fission, 
despite these mild slopes being most representative of the real ocean.
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Ocean stratification can be described by the density field, � which can be expressed as 
a function of depth z via a hyperbolic tangent profile, and for this reason is widely used in 
numerical and laboratory studies [e.g. 31, 32, 30],

where �0 is the density of the lower layer, Δ� the change in density through the water col‑
umn, zpyc the depth of the centre of the pycnocline, and hpyc the pycnocline half thickness.

The thin tanh profile system represents a lower limit of hpyc . Yet, stratification in the 
real-world ocean varies, with associated variability in hpyc . For example, the Labrador Sea 
is well represented by the three layer idealised system, whilst in the Sulu Sea, density var‑
ies linearly with depth over the entire upper layer, so a broader pycnocline is more rep‑
resentative [33]. Focusing on steeper slopes, previous work investigated the role of vary‑
ing stratification on shoaling dynamics [34], identifying that dependent on the location of 
density gradients in the stratification, different shoaling behaviours were suppressed. Past 
studies of the field have also identified the role of seasonal variation in offshore stratifica‑
tion (as a result of upwelling) in influencing the behaviour of bores [35, 36]. With such a 
variation in pycnocline thickness in the real ocean, it is reasonable to question what impact 
stratification form may have on fission dynamics. In this paper, three stratification types 
are investigated, namely (i) thin tanh (homogeneous upper and lower layers separated by 
a thin pycnocline), (ii) surface stratification (linearly stratified layer overlaying a homoge‑
neous lower layer) and (iii) broad tanh (continuous density gradient throughout the water 
column). For the first time, ISW fissioning is investigated in detail in the surface and broad 
tanh stratification cases using numerical modelling. During the fission process, pulses of 
dense fluid are formed that travel upslope, this paper focuses on investigating changes to 
these pulses of dense fluid (hereafter referred to simply as “pulses”), and pulse structure 
and transport of lower-layer fluid.

Use of numerical simulations is made to investigate the propagation of a mode-1 ISW 
of depression propagating over a uniformly sloping solid boundary. Results are presented 
to aid comparison between field observations such as static temperature loggers, and these 
numerical simulations.

The paper is organised as follows. In Sect. 2 the numerical methods are described. In 
Sect. 3.1, the formation and structure of pulses are described, followed by a description of 
the evolution and degeneration in Sect. 3.2. Finally, a discussion of these results, and their 
relevance to the ocean scale, as well as conclusions are given in Sect. 4.

2 � Methods

ISWs were simulated in a rectangular tank with waves initiated using the lock gate tech‑
nique, with the same simulation setup to the extended tank described in [34]. A schematic 
of the model set-up is given in Fig. 1a, where the length of the tank Lx = 14.5 m, and the 
depth of the tank Lz = 0.3 m. A hyperbolic smoothing function produces a numerical step 
in density 0.3 m from the left end of the tank, from which an ISW is produced propagating 
from left to right.

Simulations were carried out with the pseudospectral code SPINS described in Sub‑
ich et al [37] in two-dimensions. The code has been thoroughly validated using physical 
laboratory experiments in a number of different configurations including boundary layer 

(1)�(z) = �0 + Δ� tanh

(

z − zpyc

hpyc

)

,
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instabilities [e.g. 38], interaction with topography [e.g. 39], and shoaling [e.g. 34]. It is 
available for download through its online manual:

https://​wiki.​math.​uwate​rloo.​ca/​fluid​swiki/​index.​php?​title=​SPINS_​User_​Guide
The model solves the stratified Navier–Stokes equations subject to the Boussinesq 

approximation:

where u⃗ is the velocity, t is time, P is the pressure, � is the density and �0 is some refer‑
ence density of the fluid (here �0 = 1026 kg m−3 ). The physical parameters are gravity g 
(set at 9.81 ms−2 ), the shear viscosity � (set at 10−6 m 2s−1 , chosen to be consistent with 
the physical value) and scalar diffusivity � (set at 10−7 m 2s−1 ). The unit vector in the verti‑
cal direction is denoted by k̂ . No slip boundary conditions were applied at the flat upper, 
and mapped lower boundaries to satisfy model requirements. A mapped Chebyshev grid 
is employed in the vertical, implying a clustering of points near both the upper and lower 
boundary that scales with the number of points in the vertical squared, and that vertical 
resolution improves over the slope. Free-slip boundary conditions were applied at the verti‑
cally oriented left and right ends of the computational domain, the grid spacing of which 
was regularly spaced. Grid resolution was 4096 points in the x and 256 grid points in the z 
coordinate, giving dx = 3.5 mm, and away from the slope, dz varies between 0.124 mm in 
the BBL and 1.8 mm near mid-depth. Sensitivity experiments and double and half resolu‑
tion indicate flow features are appropriately resolved and robust at this resolution, except in 

(2)
𝜕u⃗

𝜕t
+ u⃗ ⋅ ∇⃗u⃗ = −

1

𝜌0
∇⃗P + 𝜈∇2u⃗ −

𝜌g

𝜌0
k̂,

(3)∇⃗ ⋅ u⃗ =0,

(4)
𝜕𝜌

𝜕t
+ u⃗ ⋅ ∇⃗𝜌 =𝜅 ∇2𝜌,

(a)

(b) (c)

Fig. 1   a Schematic diagram of numerical domain used throughout this study, b profiles from each of the 
three stratification types used in the corresponding numerical models (solid lines), and c the definitions for 
wave properties Aw and Lw , and pulse properties (blue) Ap and Lp

https://wiki.math.uwaterloo.ca/fluidswiki/index.php?title=SPINS_User_Guide
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the thin tanh stratification. Following these simulations, the horizontal grid resolution was 
doubled (to 8192 points in the x) for the four largest amplitude wave thin tanh stratification 
experiments (Thin-7 L, Thin-10 L, Thin-20 L, Thin-30 L).

The hyperbolic tangent profile in Eq. 1 was employed for the three stratification types 
(Fig.  1b), namely, (i) a system like that studied previously in the literature consisting 
of a thin, linearly stratified pycnocline sandwiched between homogeneous layers, here 
referred to as “thin tanh stratification” (ii) a stratification consisting of a homogene‑
ous bottom layer and an approximately linearly stratified top layer, here referred to as 
“surface stratification”, as the density gradient is close to the surface and (iii) a water 
column in which the density varies linearly with depth throughout the full water depth, 
here referred to as “broad tanh stratification”, due to the large value of hpyc . Fourteen 
model runs are presented in this study (see Table 1) representing five initial wave ampli‑
tudes in each of the three stratification types (except for the Broad tanh stratification, 
where four different wave amplitudes are simulated). All simulations are carried out for 
a slope of s = 0.033 , and the bottom boundary follows the form of Lamb and Nguyen 
[40]:

where

and d ( = 0.03 ) represents a characteristic distance for the transition from 0 to a constant 
slope of 1, and Ls the length of the slope (9 m). The function smooths the transition from 
the flat bed to the slope, which is necessary for the spectral code.

Dense pulses formed by the fission process were identified using the Matlab peak fit‑
ting function to find peaks in the depth of the � = �0 + Δ�∕2 contour (which represents 
the centre of the pycnocline in each case). Peaks related to each pulse were identified 

(5)z = s
(

itanh(x, Lx − Ls, d) − itanh(x, Lx, d)
)

(6)itanh(x, a, d) =
1

2

(

x − a + d ln
(

2 cosh

(

x − a

d

)))

Table 1   Summary of simulation 
parameters. Aw , Lw and c are 
incident wave amplitude, 
wavelength and propagation 
speed respectively (see Fig. 1c), 
hadj_pyc is the location of the 
centre of the pycnocline behind 
the gate

Simulation Stratification hadj_pyc Aw Lw c
Name Type (m) (m) (m) (m/s)

Broad-5L Broad tanh 0.1682 0.010 0.358 0.083
Broad-10L Broad tanh 0.2237 0.035 0.386 0.081
Broad-20L Broad tanh 0.2541 0.046 0.412 0.079
Broad-30L Broad tanh 0.2926 0.054 0.429 0.079
Surface-5L Surface 0.0732 0.011 0.541 0.078
Surface-7L Surface 0.1000 0.028 0.501 0.086
Surface-10L Surface 0.1287 0.045 0.504 0.092
Surface-20L Surface 0.1591 0.061 0.533 0.097
Surface-30L Surface 0.1968 0.077 0.599 0.097
Thin-5L Thin tanh 0.0855 0.009 0.646 0.095
Thin-7L Thin tanh 0.1242 0.031 0.573 0.104
Thin-10L Thin tanh 0.1568 0.048 0.600 0.108
Thin-20L Thin tanh 0.1908 0.063 0.668 0.110
Thin-30L Thin tanh 0.2321 0.075 0.791 0.114
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manually, and the amplitude(Ap ), wavelength ( �p ), and propagation speed ( cp ) calcu‑
lated in the same manner as for wave amplitude, wavelength and propagation speed 
(Fig. 1a).

3 � Results

A summary of the dynamics of a fissioning ISW is described in this section. Examples dis‑
played in this section show the surface and broad stratifications, which have not previously 
been described in the existing literature. Numerical simulations in the thin tanh are qualita‑
tively similar to those in the surface stratification. High resolution simulations of fissioning 
ISWs in a thin tanh stratification are described in detail in Xu and Stastna [19]. Throughout 
this text, the features formed by fission are referred to as “pulses” reflecting the terminol‑
ogy commonly used for field observations.

3.1 � Initial pulse formation

After the initialisation of each simulation in the surface and thin tanh stratification, an 
ISW of depression is formed after a small sorting distance (of approximately 1 m). The 
ISW of depression propagates along the flat bed of the tank until it reaches the toe of 
the slope at x = 4.9 m. On reaching the slope, the ISW continues to propagates upslope 
a distance without significant change of form. However, around halfway up the slope 
(at x = 9.5 m), the wave shape begins to adjust to the evolving water depth, becoming 
a long wave with a shallow front face that aligns itself to the topographic slope, and a 
steepening rear face (see Fig.  2a, f). During this process, reverse flow at the bed due 
to BBL separation occurs [41] (indicated in Fig. 2a by a red (positive velocity) region 
around x = 9.5 m). The flow reversal begins to grow, as isopycnals at the rear face of 
the wave rise above the resting pycnocline depth (referred to in other literature [e.g. 
16] as a positive tail), indicating the formation of the first wave of elevation (Fig. 2b, 
g). Whilst the propagation of the long wave of depression is almost halted, this wave 
emerges from the rear face of the long wave with the signal of an internal wave of eleva‑
tion at the lower boundary in the velocity and vorticity (a smooth bump of positive 
velocity and negative vorticity, Fig. 2b-inset), and continues to propagate upslope as a 
pulse of dense fluid (Fig. 2h–j). These pulses transport dense, lower layer fluid upslope 
(Fig. 5d, e) above it’s resting height. This role of BBL dynamics in the formation of the 
ISWs of elevation was previously identified in Xu and Stastna [19], where the ability of 
a separation bubble to form in the footprint of the ISW of elevation (which requires an 
adverse background current) is due to the residual current induced by the leading ISW 
of depression (Fig. 2a–c). As the rear face of the first pulse clears the trough of the long 
wave, a second pulse is formed at the rear face in the same process (Fig. 2c, inset) and 
also propagates upslope (Fig. 2d, i). Horizontal fluid velocities in the pulse are in the 
upslope direction (red), which is opposite to flow directly under the leading long wave 
at the BBL. These results for the surface stratification are qualitatively similar to the 
thin tanh stratification simulations in this study, as well as prior high resolution simula‑
tions of Xu and Stastna [19] and experimental observations of Ghassemi et al [28] for 
the thin tanh stratification. In addition, the dynamics are comparable to an experimental 
observation of the emergence of fissioning dynamics in the surface stratification [34]. 
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These similarities are expected, given the similarity of the stratification throughout the 
lower layer to the thin tanh case, and in particular close to the bottom boundary, where 
the key dynamics involved in fissioning occur (Fig. 1 b).

In the surface and thin tanh stratifications, as incident wave amplitude increases, the 
fission process becomes more unstable. For large incident waves, a global instability 
(an instability that is strongly coherent in space and time (e.g. Bogucki and Redekopp, 
1999; Carr et al, 2008), forms from the separation bubble. The global instability mani‑
fests itself as coherent patches of vorticity which are shed upwards from the separation 
bubble and follow the wave form as it shoals (Fig. 3e–g, blue arrow). This causes turbu‑
lent motion at the pycnocline, and around the pulse (Fig. 3c–d). Global instabilities have 
previously been linked to sediment resuspension and enhanced turbulent kinetic energy 
under ISWs of depression in field observations Bogucki et al [42]. These vortices may 
not only contribute to loss of energy from the incident ISW of depression, but could 
also contribute to loss of energy and mass from the pulses (see Sect. 3.2, Fig. 9), with 
large vortices shed from the rear face of the leading pulse (e.g. Fig. 3c, g , black arrow).

In the broad tanh stratification, the incident wave approaching the slope is in the form 
of a train of large amplitude waves, which alternate between waves of elevation and waves 

Fig. 2   Time sequence showing an example fissioning wave in the surface stratification (Exp. Surface-
10L). Left panels a–e showing horizontal velocity, u, overlaid with isopycnals (in black), and right panels 
f–j showing density ( �t = � − 1000 ). Black arrows indicate the location of the pulse, time interval between 
images is Δt = 10s
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of depression (Fig. 4a, b), compared to the single incident ISW of depression in the other 
stratifications (e.g. Fig. 2a). As a result, whilst the process of ISW fission is very similar in 
the surface and thin tanh stratifications (where the pycnocline is vertically offset from the 
mid-depth of the tank), in the broad tanh stratification, the process of wave fission is con‑
siderably different. Whilst separation of the boundary layer still occurs under the rear part 
of the leading wave of depression, the subsequent flow reversal is enhanced by the wave 
of elevation directly above it (Fig. 4b). In the broad stratification, as the wave propagates 
upslope, the first incident wave of elevation steepens on both the rear and leading front, 
until a pulse emerges from this wave, with a velocity structure resembling an ISW of eleva‑
tion (Fig. 4c), leaving behind the leading wave with much reduced amplitude (Fig. 4d). In 
the example simulation, the second and third pulses form simultaneously, one emerging 
from the second approaching wave of elevation, and one emerging from the remnants of 
the initial incident wave of elevation. Each pulse propagates upslope, bringing a volume of 
dense fluid far upslope, beyond its undisturbed height (Figs. 4f, 5f). The velocity structure 
of these pulses resemble closely those in the thin tanh and surface stratifications (Fig. 4d 
c.f. Fig.  2c), despite the differences in the incident waves. However, in the broad tanh 
regime, even the largest pulses (produced by fission of larger amplitude incident waves) 
remain stable and laminar.

The upslope transport of lower layer fluid may be indicated by the number of dense 
pulses propagating upslope, along with their size (amplitudes and wavelengths), and so 

Fig. 3   Time sequence for a turbulent fissioning wave in the surface stratification (Exp. Surface-30L). Left 
panels a–d showing horizontal velocity, u, overlaid with isopycnals (in black), and right panels e–h show‑
ing vorticity. Time interval between images is Δt = 8s . In panels e–h, the black and blue arrows indicate the 
location of the separation bubble and shed vortices respectively
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relationships with these quantities are investigated here. For small incident waves, the num‑
ber of pulses increase as the pycnocline thickness decreases. Meanwhile, as Aw increases, 
the number of pulses also increase, due to more energy being available to produce these 
waves (Fig. 6). However, as Aw passes the point at which pulses become unstable, the num‑
ber of pulses produced rapidly decrease with increasing Aw , as increasing energy is lost 
to turbulent mixing and dissipation (Fig. 3). As the leading order control on upslope fluid 
transport, the number of pulses is affected by both incident amplitude and by the stratifica‑
tion. Upslope fluid transport will also be indicated by the amplitude(Ap ) and width ( �p ) of 
the pulses (Fig.  7). Across all three stratifications, the maximum wave amplitude of the 
first pulse is directly proportional to the incident wave amplitude (Fig. 7a), and this rela‑
tionship is very similar between stratifications, with the surface stratification producing 
marginally smaller amplitude pulses. For the broad tanh stratification, the pulse amplitude 
can be described as Ap = 0.812Aw + 0.0087 , whilst for the surface and thin stratifications, 

pulse amplitude is Ap = 0.900Aw − 0.0038 and Ap = 0.9389Aw + 0.0046 respectively. 
Figure 9a–c shows the role of this relationship, that non-dimensionalised pulse amplitude 
( Ap∕Aw ) in the broad tanh stratification is lower for larger waves in the broad tanh strati‑
fication, whilst in the other stratifications, this Ap∕Aw is very similar between simulations. 
Similar relationships exist between incident wave amplitude and pulse width, �p (Fig. 7c), 
which show increasing pulse width with wave amplitude, and also with pulse amplitude Ap . 
�p is larger for the waves in the broad tanh stratification, likely due to small non-linearity 
parameters in this stratification, but indicative of increased (initial) fluid transport for those 
waves.

Fig. 4   Same as Fig.  2, but for a fissioning wave in the broad tanh stratification (Exp. Broad-10L). Time 
interval between images is Δt = 9s
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Fig. 5   Hovmoller plots of near-bed horizontal velocity (a–c) and volume of fluid under the � = �0 + Δ�∕2 
contour, V, (d–f) for the three waves shown in Figs. 2 (left), 3 (center) and 4 (right). Note the x-scale dif‑
fers to that used in Figs. 2,3 and 4 in order to observe longer time and spatial scales required to capture the 
evolution of the pulses

3.2 � Pulse evolution and degeneration

Upslope fluid transport in all stratifications is dominated by the passage of dense pulses, 
which present as red curves (upslope flow) across Fig.  5a–c interspersed with slower 
downslope (blue) regions. Each pulse transports a new parcel of dense fluid upslope, 
although the volume transported in each decreases (Fig. 5d–f). The presence of smaller-
scale flow features at higher incident wavelengths is also reflected in the upslope fluid 
transport signal (Fig. 5).

Leading pulse propagation speed (at the time when Ap is maximum), cp , appears to scale 
with Ap (Fig. 7e), until (for the surface and thin tanh stratifications) the transition to the 
more turbulent/unstable regime reduces the propagation speed of the pulse. The negative 
relationship between cw and cp in the broad tanh stratification (Fig.  7d) is explained by 
the fact that in this stratification, wave speed decreases as Aw increases. As such, higher 
cw represent smaller amplitude incident waves, which in turn produce smaller amplitude 
pulses ( Ap ) (Fig. 7a). Therefore, it appears that pulse velocity is more closely determined 
by Ap (indicating pulses propagate as ISWs of elevation) than by their initial velocity ( cw ). 
Furthermore, Fig. 7d shows that the actual wave propagation speed ( cw ) is slower than the 
linear long wave speed for the broad tanh stratification, indicating that waves in this strati‑
fication are not ISWs, in part responsible for the different process of pulse formation in this 
stratification.
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Fig. 6   Number of pulses identified from an incident wave during the simulation as a function of wave 
amplitude, Aw , for each of the three stratification types

(a) (b) (c)

(d) (e) (f)

Fig. 7   Plots to show relationship between wave amplitude, wavelength, and speed, and the same properties 
of the leading pulse at the time at which pulse amplitude is maximum for each of the three stratifications. a 
Wave Amplitude, Aw , against Pulse Amplitude, Ap ; b Aw against pulse speed, cp ; c Aw against pulse width 
(wavelength) �p ; d Wave speed - linear long wave speed, cw − clw against cp ; e Ap against cp ; and f) Ap 
against �p
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As the pulses form, they are initially symmetrical, (Fig. 2b inset), however as they prop‑
agate upslope, the front face steepens, and the rear face extends (Figs.  2d, e, j,  8). This 
same steepening was previously observed in the thin tanh stratification [43]. During this 
process, pulses of dense fluid are carried upslope beyond the undisturbed height (Fig. 2i, 
j). After formation, the pulses in all stratifications slow down, and lose both amplitude 
and width (Fig. 9). As previously observed by Ghassemi et  al [28], the pulse amplitude 
decreases linearly across all stratification types (Fig. 9a–c). Within stratifications, the rates 
of the degeneration are very similar between different sized waves 9d–f), but vary between 
stratifications, with the amplitude of pulses in the broad tanh stratification decreasing faster. 
Likewise, the pulses lose amplitude and wavelength at similar rates. Whilst the pulses 
propagate upslope, there is a substantial quasi trapped core (red areas) but the core is asym‑
metric in the along slope direction, with clear “leakiness” (blue) near the back where fluid 
is continually lost from the rear of the pulse (Fig. 8). This can be seen as the overall volume 
of dense fluid in the pulse decreasing upslope and through time (Fig. 5d–f).

Fig. 8   Plot of flow velocity u relative to the pulse propagation speed ( cp ) for the pulse shown in Fig. 2 (top) 
at same time as Fig. 2d, and 4 (bottom) at same time as Fig. 4e

Fig. 9   Time-evolution of pulse 
properties Ap (left) cp (centre) 
and �p (right), each non-dimen‑
sionalised by their equivalent 
wave property ( Aw , cw , and �w 
respectively) for the broad tanh 
(top), surface (middle) and thin 
tanh (bottom) stratifications



Environmental Fluid Mechanics	

1 3

4 � Discussion and conclusion

Here, fission of ISWs in stratifications deviating from a three-layer approximation has been 
investigated, for the first time in detail using a numerical model at the laboratory scale, 
which allows a full investigation into the time evolution of these structures which is dif‑
ficult to achieve with field observations. Similar stratifications to those studied here have 
been investigated in the field [e.g. 44] highlighting the need for idealised studies to con‑
sider different stratifications to simply the three-layer stratification in order to fully under‑
stand the dynamics. However, despite the differences between stratification types for other 
wave breaking types, the transition between thin tanh and surface stratifications is found to 
have minimal impact on the fissioning of ISWs, in terms of pulse formation, structure and 
evolution. Additionally, the process by which pulses are formed by fission in numerical 
simulations in this study both for the surface and thin tanh stratifications are very similar to 
previously published numerical [19] and experimental works in the thin tanh stratification 
[28]. Shoaling waves in the broad tanh stratification undergo a considerably different pro‑
cess of fissioning, emerging instead from an elevation wave, and remained non-turbulent at 
all incident wave amplitudes, despite the structure of the pulse being similar to in the other 
stratifications.

Whilst the use of 3-D simulations in studies of internal wave shoaling would be desir‑
able in order to resolve lobe-cleft instabilities and lateral variability, such simulations over 
this length of wave tank are too computationally expensive. Furthermore, past studies have 
highlighted the qualitative similarity of wave breaking in 2-D and 3-D simulations during 
the phases of shoaling studied here (the approach to the slope, breaking event, and start of 
up-slope propagation) [29, 34, 45]. Following on from these studies, it is expected that lat‑
eral variability and instabilities (which form only in 3-D simulations) would impact on the 
degeneration process of the pulses formed by fission.

Pulses formed by fission (in all stratification types) are single ISW-like pulses which 
propagate upslope, in comparison to boluses produced by other wave shoaling types (such 
as collapsing or surging) as studied by Vieira and Allshouse [30], Allshouse and Swinney 
[31], which exist as a parcel of fluid which travels in a manner more similar to a gravity 
current. In particular, Vieira and Allshouse [30] identified three bolus structures (ball, hook 
and slivers), which do not appear to correspond to the pulses produced by fission, indicat‑
ing such features are dynamically different based on the process of shoaling that formed 
them.

Numerous field observations have detailed the process by which ISWs of depression 
fission into pulses propagating upslope due to the polarity reversal process [e.g. 22, 23]. 
Orr and Mignerey [22] detail the initial lengthening of the front face of the leading wave 
(as in Fig. 2a), followed by the formation of waves of elevation which advance through the 
rear of the leading wave of depression (as in Fig. 2b,c), in a stratification that is approxi‑
mated by the surface stratification (see their Fig. 8). Comparisons between ADCP velocity 
fields of the pulses propagating upslope (their Fig. 12) and Fig. 2d, show striking similarity 
in the wave and pulse-induced velocity fields. The present observations are also in strong 
agreement with the observations of Shroyer et al [23] as the incident waves pass through 
the turning point and become internal solitary waves of elevation. The evolution of these 
pulses has also been documented in the field by Jones et al [25], Richards et al [44]. Veloc‑
ity structures shown by Richards et al [44] Fig. 9 are in good agreement with the trains of 
pulses seen in this study, whilst Jones et al [25] report very active cores within the pulses, 
in contrast to this study. Richards et  al [44] reported upslope advection by the wave of 
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turbulent fluid locally produced by fissioning internal waves. In this study, instabilities dis‑
played by larger incident waves upon fissioning in the surface and thin tanh stratifications, 
and in particular, the vortices shed from the rear of the pulse, also leave behind turbulent 
fluid, which may form part of the process observed by Richards et al [44], although differ‑
ence in scales (with a factor 50-100 difference in Reynolds number) impairs these com‑
parisons. Such a process may be an important source of energy for mixing and dissipation 
along the slope and shelf.

Confirming that degeneration of pulses remains linear in three different stratifications is 
indicative that prior results [e.g. 28] will hold true in a range of real-world situations. As 
this degeneration occurs by the loss of fluid from the rear of the pulse, the rate at which it 
occurs has implications for the transport of bottom waters onto the shelf, which in turn, 
may impact on the benthic ecology. The three-dimensional structure of fissioning waves, in 
particular lobe-cleft instability was identified by Ghassemi et al [28], and would alter the 
mixing of the pulse with surrounding fluid.

Whilst the pulse structure and evolution is similar between the stratifications investi‑
gated in this study, the impact of the process of fissioning on ecosystems is still dependent 
on stratification. Variability in the number of boluses produced by waves in different strati‑
fications (Fig.  6) is an important factor in upslope transport of fluid, and internal-wave 
derived energy. The time evolution of density (presented here as a “normalised density”) at 
the bottom boundary for a fixed slope location is used to indicate transport of lower-layer 
water, and represent measurements by a virtual mooring (similar to the near-bottom tem‑
perature measurements in Richards et al [44], their Fig. 9), which in an oceanographic set‑
ting is typically cold and nutrient rich. Whilst the upslope transport is not permanent, and 
the dense fluid moves back downslope (Fig. 5), variability in temperature has previously 
been identified as an important factor for the health of benthic ecosystems Reid et al [2]. In 
all stratifications, an initial decrease in normalised density is observed as the incoming 
wave draws down fluid from the upper layer (Fig. 10). However, the formation of pulses 
brings dense (lower-layer) water upslope, in doing so modifying the water properties at that 
location. The overall change in density at the lower boundary is greatest for the largest 
amplitude waves (Fig. 10a–c). Between stratifications, the total change in density (relative 
�� ) increases between broad tanh to surface, and further to thin tanh stratification, due to 
lower density gradients 

(

��

�z

)

 . These pulses bring kinetic energy upslope, each pulse associ‑
ated with a peak in the kinetic energy on the slope (Fig. 10). The impact of this is greatest 
for the broad stratification (Fig. 10d).

The fission of internal solitary waves over gentle, and crucially, geophysically realistic 
slopes forms coherent pulses of dense fluid, which in other contexts are also referred to as 
cold pulses, or boluses. Such pulses of fluid can be a significant source of nutrients and 
relief from excess heat to benthic ecosystems [2, 4], and understanding the role of strati‑
fication (which varies both spatially and seasonally) on the behaviour of these pulses is 
therefore important. Although the form of the pulse produced by fission is similar across 
three very different stratifications studied here, for the broad stratification, the pulse forma‑
tion process does vary. Pulses in the broad stratification propagate slower, and disintegrate 
faster than in other stratifications. Whilst idealised studies remove the potential impacts 
of other ocean processes (e.g. the surface tide or eddies), here we show that in such ideal‑
ised conditions unstable fissioning can also be found, producing pulses of turbulent fluid 
and advecting this turbulent fluid upslope, inducing mixing and dissipation further upslope 
than the energy source.
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